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ON THE ANALYTIC TORSION OF HYPERBOLIC MANIFOLDS OF 

FINITE VOLUME 

WERNER MULLER 


Abstract. In this paper we study the analytic torsion for a complete oriented hyperbolic 
manifold of finite volume. This requires the definition of a regularized trace of heat 
operators. We use the Selberg trace formula to study the asymptotic behavior of the 
regularized trace for small time. The main result of the paper is a new approach to deal 
with the weighted orbital integrals on the geometric side of the trace formula. 


1. Introduction 


Let G = SOo (d, 1) and K = SO (d). Then K is a maximal compact subgroup of G. Let 
X := G/K. Equipped with a suitably normalized invariant metric, X is isometric to the 
hyperbolic space EI d of dimension d. Let V C G be a lattice, i.e. a discrete subgroup 
with vol(r\G) < oo. Assume that T is torsion free. Then X := Y\X is an oriented 
hyperbolic d-manifold of finite volume. Let r be an irreducible finite dimensional complex 
representation of G. Let E r be the flat vector bundle associated to the restriction of r to T. 
By [|MM|| , E t can be equipped with a canonical Hermitian fibre metric, called admissible, 
which is unique up to scaling. Let A p (r) be the Laplace operator acting in the space of 
E r -valued p-forms with respect to the metrics on X and in E r . In ||MP2|| we introduced 


the analytic torsion T x (t). If X is compact, T x (t) is defined in the usual way [jRS| by 

D 

(Tr(e" tAp(T) ) - 6 p (r)) t s 


( 1 . 1 ) 


log T x (t) = ^J2(-l) p p d 


P= 1 


iS — 1 


ds \T(s) 


dt 


s=0 


where b p (r) = dim ker(A p (r)) and the right hand side is defined near s = 0 by analytic 
continuation. In the non-compact case the Laplace operator A p (r) has a nonempty con¬ 
tinuous spectrum and hence, e _tAp ( T ) is not a trace class operator. In ||MP2|| we introduced 
the regularized trace Tr reg (e _4Ap ( r )) of the heat operator which we used to define T\(r) 
by the analogous formula (|1.1|) with the usual trace replaced by the regularized trace. In 
order to show that the Mellin transform of the regularized trace is defined in some half 
plane and admits a meromorphic extension to the whole complex plane one needs to know 
the behavior of Tr reg (e _<Ap ^ T - ) ) as t —> 0 and t —> oo. To establish an asymptotic expansion 
of Tr reg (e~ tAp ( r )) as t —* 0 we used the Selberg trace formula. The difficult part is to deal 
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with the weighted orbital integrals occurring on the geometric side of the trace formula. 
In fact, in ||MP2|| we use the invariant trace formula of ||Hol||. In this way the parabolic 


distributions become invariant distributions. To deal with these distributions we applied 
the Fourier inversion formula established by W. Hoffmann ||Ho2|| . This is a very heavy and 
quite complicated machinery. Moreover at present, except for SL(3,M), it is not available 
in higher rank. The main purpose of this paper is to develop a more simplified method to 
deal with the parabolic contribution to the trace formula, which also has a chance to be 
extended to the higher rank case. 

Next we explain some details of our method. For simplicity we assume that d is odd. 
We also assume that V satisfies ( j2.13| ). Let u: K —> GL(H) be an irreducible unitary 
representation of K. Let E u — > X be the associated homogeneous vector bundle over A" 
and let E v = Y\E V be the corresponding locally homogeneous vector bundle over X. Let 
V 1 ' be the invariant connection in E u and let = (X7 u )*'V l/ be the associated Bochner- 
Laplace operator. Let A u denote the differential operator which is induced in C°°(X,E U ) 
by the action of —12, where 12 G Z($c) is the Casimir element. Then = A v + u(YIk), 
where fix G c) is the Casimir element of K. Note that v(YIk) is a scalar. Hence A v 
is essentially self-adjoint and bounded from below. Therefore the heat semigroup e~ tA,/ is 
well defined. The study of the regularized trace of e -* Ap G) can be reduced to the study 
of the regularized trace of the heat operators e~ tA,y . Let H u (t,x,y) be the kernel of e - *" 4 ". 
For Y > 1 sufficiently large let X(Y) be the compact manifold with boundary obtained 
from X by truncating X at level Y. It was shown in [MP2] that there exists a{t) G M such 
that f X(V) tr H u (t, x, x) dx — a(t ) logF has a limit as Y —y oo. Then we put 

Tr {e~ tAv ) := lim ( / tr E[ u (t, x,x) dx — a(t) logF ) . 

y-Kx> \Jx(y) J 

Our main result is the following theorem. 

Theorem 1.1. For every u G K there is an asymptotic expansion 

( 1 . 2 ) 


Tr reg (e- tA ") - aj{v)t~ d/2+j/2 log* + ^ b k (v)t~ d / 2+j / 2 

j =o 

as t —> 0. Moreover a n [y ) = 0. 


k =o 


MP2 


To prove this theorem, we use the Selberg trace formula as in 
with the Selberg trace formula is as follows. Let A v be the lift of A 
covering A" of X. The heat operator e~ tAu is a convolution operator with a smooth kernel 


The connection 
to the universal 


Ed ": G —)• End(H). Let h" G C°°(G) be defined by 

^:=tr^), 


g g G. 

In fact, ht belongs to Harish-Chandra’s Schwartz space C 1 (G). In ||MP2|| it was proved 
that Tr reg (e _M ") equals the spectral side of the Selberg trace formula with respect to the 
test function h", where the spectral side means the sum of all terms corresponding to the 
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discrete and continuous spectrum in the trace formula. Applying the trace formula we are 
led to the following equality 

TV„ g ( e ~‘ A -) = I(K) + H(h H + TK) + T'(K), 

where I, H , T and T' are certain distributions which are associated to the identity, the 
hyperbolic conjugacy classes and the parabolic conjugacy classes of T, respectively (see 
. To study the asymptotic behavior of I{h T t ' p ) as t —> 0, one can use the Planchercl 
theorem. Since G has M-rank one, one can use the Fourier inversion formula for regular 
semi-simple orbital integrals to study H(h T t ' p ). It follows that H(yh T t ' p ) is exponentially 
decreasing as t — y 0. The distribution T is invariant and can be expressed in terms of 
characters. This leads to an asymptotic expansion of T{h”) as t —> 0. What remains is 
to deal with the distribution T\ which is not invariant. Using standard estimates of heat 
kernels, it can be reduced to the study of integrals of the form 

(1.3) / e~^ x ^ t g(x)log\\x\\ dx, 

J Rd-l 


IWaHl) 


where g G CP°(K d_1 ) and / G C' 0O (M d ~ 1 ) has an isolated critical point at x = 0 of index 
zero. Then we use the method of the stationary phase approximation to determine the 
asymptotic behavior of this integral as t —y 0. 


The paper is organized as follows. In section |2| we fix notations and collect some basic 
facts. In section [3] we define the regularized trace of the heat operators e~ tAv and relate 
it to the spectral side of the Selberg trace formula where the test function is obtained 
from the kernel of the heat operator on the universal covering. In section [I] we apply the 
Selberg trace formula to express the regularized trace through the geometric side of the 
trace formula. Then we determine the asymptotic behavior of all terms except the weighted 
orbital integral. Section is a preparatory section where we establish estimates of heat 
kernels and describe their asymptotic expansion for small time. This is used in section ^ 
to study the asymptotic behavior of the weighted orbital integrals. Applying the results 
of the previous section, the problem is reduced to the study of integrals of the form (|L3|). 
To deal with these integrals we apply the method of the stationary phase approximation. 
This leads finally to the proof of Theorem |1 . 1| . In the last section ^ we discuss the analytic 
torsion. 


Acknowledgment. I would like to thank Andras Vasy for some very useful hints. 


2. Preliminaries 

2.1. Let d — 2n + 1, n G N. Let either G = SO 0 (d, 1), K = SO(rf) or G = Spin(d, 1), 
K = Spin (Vi). Then K is a maximal compact subgroup of G. Put X = G/K. Let 


G = NAK 
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be the standard Iwasawa decomposition of G and let M be the centralizer of A in K. Then 
M = SO (d — 1) or M — Spin(d — 1). Let g, n, a, t, m denote the Lie algebras of G, N, A , 
K and M, respectively. Define the standard Cartan involution 9 : g —y g by 

9(Y) = -Y\ Y G g. 

The lift of 9 to G will be denoted by the same letter 9. Let 

(2.1) g = «®p 

be the Cartan decomposition of g with respect to 9. Let x 0 = eK G A". Then we have a 
canonical isomorphism 

(2.2) T X0 X = p. 

Define the symmetric bi-linear form (■, •) on g by 

(2.3) (Y u Y 2 ) := —L - B(Y U Y 2 ), Y u Y 2 e s- 

By (|2 . 2|) the restriction of (•, •) to p defines an inner product on T Xo X and therefore an 
invariant metric on X. This metric has constant curvature —1. Then X, equipped with 
this metric, is isometric to the hyperbolic space H d . 

Fix a Cartan subalgebra b of m. Then 

ft := a © b 

is a Cartan subalgebra of g. We can identify g c = so(d + 1,C). Let e\ G a* be the 
positive restricted root defining n. Then we fix e 2 ,..., e n+1 G ib* such that the positive 
roots A + (gc, be) are chosen as in |[Kn2( page 684-685] for the root system D n+1 . We let 
A + (gc, Oc) be the set of roots of A + (g c , lie) which do not vanish on oc- The positive roots 
A + (mc, be) are chosen such that they are restrictions of elements from A + (gc,f)c)- For 
j — 1,..., n + 1 let 

(2.4) Pj -= n + 1 - j. 

Then the half-sums of positive roots pc and Pm, respectively, are given by 

1 n+l ^ n+1 

(2.5) p G := - a = ^Pi e A Pm ' = 2 a = p AA- 

aGA+(gc,hc) t =1 aGA+(mc,bc) J = 2 

Let D, fix and Qm be the Casimir elements of G , K and M, respectively, with respect to 
the normalized Killing form ([h~3|). 

2.2. Let Z [|] J be the set of all (ki,...,kj) G Q- 7 such that either all k{ are integers 
or all ki are half integers. Let Rep(G) denote the set of finite dimensional irreducible 
representations r of G. These are parametrized by their highest weights 

(2.6) A(r) = ki(r)ei H-h fc n+ i(r)e n+ i; ki(r) > k 2 {r) >■■■> k n (r) > \k n+1 (r )\, 
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where (fci(r),..., k n+ i(r)) belongs to Z[|]" +i if G — Spin(<i, 1) and to Z n+1 if G = 
SO°(d, 1). Moreover, the finite dimensional irreducible representations v G K of K are 
parametrized by their highest weights 

(2.7) A(z/) = k 2 {v)e 2 4-b k n+1 (u)e n+1 ; k 2 {v) > k 3 {v) >■■■> k n {y) > k n+l {y ) > 0, 

where (k 2 (u ),..., k n+ \{y)) belongs to Z | - |" if G = Spin(<i, 1) and to Z n if G = SO°(d, 1). 
Finally, the finite dimensional irreducible representations a G M of M are parametrized 
by their highest weights 

(2.8) A(cr) = k 2 (a)e 2 4-b k n+ i(a)e n+1 ; k 2 (a ) > k 3 (a) >■■■> k n (a) > \k n+1 (cr )\, 

where (k 2 (a ),..., k n+ i(a)) belongs to Z [|] n , if G — Spin(d, 1), and to Z n , if G = SO°(d, 1). 
For v G K and cr G M we denote by [u : cr] the multiplicity of a in the restriction of v to 
M. 


Let M' be the normalizer of A in K and let W (A) = M'/M be the restricted Weyl-group. 
It has order two and it acts on the finite-dimensional representations of M as follows. Let 
wq G W (A) be the non-trivial element and let mo G M' be a representative of wq- Given 
a G M, the representation w 0 a G M is defined by 

wo<j(m) = a(momm 0 ' 1 ), m G M. 


Let A(c) = k 2 (a)e 2 + • • • + k n+ i(a)e n+ i be the highest weight of a as in ( [2.8|) . Then the 
highest weight A(ta 0 c r ) of wqo is given by 


(2.9) 


A(w 0 a) = k 2 (a)e 2 H-h k n (a)e n - k n+l (a)e n+l . 


2.3. Let P := NAM. This is the standard parabolic subgroup of G. We equip a with 
the norm induced from the restriction of the normalized Killing form on C). Let Hi G a be 
the unique vector which is of norm one and such that the positive restricted root, implicit 
in the choice of N, is positive on H\. Let exp : a —> A be the exponential map. Every 
a G A can be written as a = exp log a, where log a G a is unique. For t G K, we let 
a(t) \= exp ( tH \). If g G G, we define n{g) G N , H(g) G K and n(g) G K by 

g = n(g)a(H(g))K(g). 

A given g G G can always be written in the form 

(2.10) g = kia{t(g))k 2 , 

where k 3l k 2 G K and t(g) > 0. We note that t(g) is unique and we call it the radial 
component of g. For x, y G X let r(x, y) denote the geodesic distance of x and y. Then we 
have 

(2.11) r(g(x 0 ),x 0 ) = t(g), g G G. 

Now let P' be any proper parabolic subgroup of G. Then there exists a k P i G K such 
that P' = Np/Ap’Mp / with Npi = kpiNkp}, Apr = kp/Akpj , Mpi = kp’Mkp}. We choose 
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a set of fcp/’s, which will be fixed from now on. Let kp = 1. We let api(t) := kpta{t)k p }. 
If g G G, we define np/(g ) G IVp/, Hpi(g) G R and Kp>(g) G K by 

(2.12) g = n P >(g)ap>(Hpi(g))Kp'(g) 

and we define an identification ipi of (0, oo) with Ap> by ip>(t) := ap/(log(f)). For Y > 0, 
let Ap, [y] := tp'(Y, oo) and Apt [y] := l. P i[Y, oo). For g G G as in ( |2.12| ) we let yp>(g) ■— 

e H p’ (s) _ 


2.4. Let T be a discrete subgroup of G such that vol(r\G) < 00 . Let X := T\W. Let 
pr Y : G —> X be the projection. A parabolic subgroup P 1 of G is called a r-cuspidal 
parabolic subgroup if T D Npi is a lattice in Np>. We assume that that F satisfies the 
following condition: For every r-cuspidal proper parabolic subgroup P = NpApMp of G 
we have 


(2.13) rnP = rniVp. 

We note that this condition is satisfied, if Y is “neat”, which means that the group generated 
by the eigenvalues of any 7 G Y contains no roots of unity 7^ 1. 

Let = {Pi ,..., P K (r)} be a set of representatives of r-conjugacy classes of r-cuspidal 
parabolic subgroups of G. The number 

(2.14) k(X) := K(r) = 

is finite and equals the number of cusps of X. More precisely, for each P t G there exists 
a Yp i > 0 and there exists a compact connected subset C = C(Yp 1 , ..., Yp^ r) ) of G such 
that in the sense of a disjoint union one has 

<x) 

(2.15) G = r-CU □ T-N Pl A%[Y Pl ]K 

1=1 


and such that 


(2.16) 7 ■ (ypj K n N Pi A% [Ipj A- ^ 0 » 7 e r n P.. 

We define the height-function r/ r p, on X by 


(2.17) yr,Pi(x) ■■= sup {y Pi (g) :geG, pr x (g) = x}. 

By ( |2.15|) and ( |2.1(j| ) the supremum is finite. For Y G R + let 

(2.18) X(Y) := (iGl: y v , Pi (x) <Y,i = 1,..., k{X)}. 
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2.5. Recall that d — 2n + 1. For a £ M and A e R let p CT (A) be the Plancherel measure 
associated to the principal series representation ir^x- Then, since rk{G) > rk(K), p CT (A) 
is a polynomial in A of degree 2 n. Let (•, •) be the bi-linear form dehned by (|2.3|) . Let 
A(c) 6 be the highest weight of a as in (|2.8|) . Then by theorem 13.2 in [Kn 1|| there 
exists a constant c(n) such that one has 

(iAei + A(cr) + pm, a) 


p CT (A) = -c(n) 

aeA+(gc,f)c) 


(PGi a) 


The constant c{n) is computed in |[Mi2|| . By ||Mi2|| , theorem 3.1, one has c(n) > 0. For 
z G C let 

(zei + A(cr) + Pm, ol) 


(2.19) 

One easily sees that 

( 2 . 20 ) 


P a {z) = -c(n ) }{ 

«eA+(g c ,h c ) 


(Pg, «) 


Ter (•2') PwqCT (^) • 


3. The regularized trace 

Regard G as a principal Jl-fibre bundle over A". By the invariance of p under Ad(iF), 
the assignment 

tr - A' 6 p} 

defines a horizontal distribution on G. This connection is called the canonical connection. 
Let v be a finite-dimensional unitary representation of K on ( V v , (•, -) v ). Let 

Ep '■= G x u V u 

be the associated homogeneous vector bundle over X. Then (-, -) v induces a G-invariant 
metric B v on E v . Let V u be the connection on E p induced by the canonical connection. 
Then X7 U is G-invariant. Let 

E v := r\(G x v K) 

be the associated locally homogeneous bundle over A". Since B v and V" are G-invariant, 
they push down to a metric B v and a connection X v on E v . Let 

(3.21) G°°(G, v ) := {/ : G ^ V v : f e G°°, f(gk) = v{k~ l )f(g), Mg eG,Mke K}. 

Let 

(3.22) G°°(r\G, u ) := {/ G G°°(G, u ): f{ 19 ) = f(g) Mg G G, V 7 G T} . 

Let C°°(X, E u ) (resp. C°°(X, E u )) denote the space of smooth sections of E u (resp. E v ). 
Then there are canonical isomorphisms 

(3.23) 0 : G°°(A, E v ) = G°°(G, v) and 0 : G°°(A, E„) = G°°(r\G, u) 
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(see ||Mia| , p. 4]). There are also corresponding isometries for the spaces L 2 (X,E U ) and 
L 2 (X,E U ) of .bisections of E v and E u , respectively. For every X G 0, g G G, and every 
/ G C°°(X, E v ) one has 


d 


= ^</>(/)(^expfX)| t=0 . 


Let 


A u = 

be the Bochner-Laplace operator acting in C°°(X, E v ). Since X is complete, A„ regarded 
as linear operator in L 2 (X,E U ) with domain C^°(X, E u ) is essentially self-adjoint |Chc|1 . 
By [[Mia , Propositionl.l] it follows that on C°°(r\G, v) one has 

(3.24) A u = -R r (n) + v(n K ), 

where Ry denotes the right regular representation of G on C°°(T\G,u). Let A v be the 
differential operator in C°°(X, E v ) which acts as in C ,0O (r\G, v). \iv is irreducible, 

then v(VLk) is a scalar. In general it is an endomorphism of E u which commutes with A v . 
It follows from (|3.24p that A v is a self-adjoint operator which is bounded from below. 
Therefore, the heat operator is well defined and we have 

(3.25) e~ tAv = e -H*K) e -tA V ' 

Let H u [t , x, y ) be the kernel of e~ tAv . Let X{Y) C X be defined by ( |2.1g|) . For Y 0 this 
is compact manifold with boundary. It follows from ||MP2| , (5.6)] that there exist smooth 
functions a(t) and b{t) such that 


/ tr H u (t, x, x) dx = a(t) log Y + b{t) + o(l) 

Jx(Y) 

as Y -A- oo. Put 

(3.26) Tr reg (e- f ^) := b(t). 

In |[MP2| , (5.6)], the regularized trace Tr reg (e -4A! ') is described explicitly in terms of the 
discrete spectrum of A v and the intertwining operators. To state the formula we need 
to introduce some notation. Let a e M with highest weight given by Let pj, 

j — 1,..., n + 1 be defined by (|2.4j) . Put 

n+1 n+1 

(3.27) c{a) := u(ff M ) - n 2 = ^(^((x) + Pj f 

3 =2 3=1 

where the second equality follows from a standard computation. Let w G W{A) be the 
nontrivial element. For A G C let 

(3.28) C(cr, A): S{a) —» £(wo) 
be the intertwining operator defined in ||MP2|, (3.13)]. Let 
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be the restriction of C(a,X) <g) Idy^ to (S(a) <g) V U ) K . Furthermore, let Af denote the 
restriction of A v to the discrete subspace L 2 d (X, E v ) of A v . Then by ||MP2| , (5.6)] we have 


Tr reg {e~ tAv ) = Tr 


M Tr ( C (^ ”, 0 )) 


(3.29) 


— V 

47T ^ 


cr^M;a=WQa 
[u:a]^0 

e tc(*) f e -t\ 2 Tr | c(a,v,~i\)^C(a,v,i\) ) dX. 


a&M 

0 


d 
' dz 


It follows from ||Wal| . Theorem 8.4] that the right hand side of (|3.29| ) equals the spectral 
side of the Selberg trace formula applied to e^ tAv . 


4. The trace formula 

In this section we apply the Selberg trace formula to study the regularized trace of the 
heat operator e~ tAv . To this end we briefly recall the Selberg trace formula. First we 
introduce the distributions on the geometric side which are associated to the different 
conjngacy classes of T. Let a be a K-hnite Schwartz f un ction on G. The contribution of 
the identity is 

1(a) := vol(r\G)a(l). 

By ||HC2| , Theorem 3], the Plancherel theorem can be applied to a. For groups of real rank 


one which do not possess a compact Cartan subgroup it is stated in |Kn 1 | . Theorem 13.2], 
For a G M and A G C let ix a ^\ be the principle series representation which we parametrize 
|MP2| , Sect. 2.7]. Let @ CT>/ \ be the character of Let P cr (z) be the polynomial 


as m 


defined by (2.19Q. Then one has 


(4.1) 


I (a) = vo 


1(X) V [ P a (iX)Q aj> 

- J R 


(a)dX, 


t£M 

[u:cr}^0 


where the sum is finite since a is -finite. In even dimensions an additional contribution 
of the discrete series appears. 

Next let C(r) s be the set of semi-simple conjugacy classes [ 7 ]. The contribution of the 
hyperbolic conjugacy classes is given by 


H (a) := / a(x 1, yx)dx. 

Jr \° [ 7 ]ec(r),-[i] 

By ||Wal| . Lemma 8.1] the integral converges absolutely. Its Fourier transform can be 
computed as follows. Since T is assumed to be torsion free, every nontrivial semi-simple 
element 7 is conjugate to an element 771 ( 7 ) exp ^( 7 ) 7 / 1 , m il) P M. By ||Wal| , Lemma 6 . 6 ], 
/(y) > 0 is unique and 777 ( 7 ) i s determined up to conjugacy in M. Moreover, £( 7 ) is the 
length of the unique closed geodesic associated to [ 7 ]. It follows that T 7 , the centralizer 
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of 7 in T, is infinite cyclic. Let 70 denote its generator which is semi-simple too. For 
76 [r] s — {[!]} let a 7 := exp Hi and let 


(4.2) 


L(y,a):= 


Tr(a)(m 1 


?~ni{ 7 ) 


det (Id — Ad(m 7 a 7 ) | fl ) 
Proceeding as in [|Wal|| and using [|Ga| , equation 4.6], one obtains 

Mo) 


(4.3) 


# («) = E E 


2vr 


-L( 7 ,a) / Q a , x (a)e- il ^ x d\, 


a&M [7]ec(r).-[i] 

where the sum is finite since a is /L-finite. 

Next we describe the parabolic contribution. Put 


(4.4) 


T(a) := 



a(knk )dn. 


K J N 


Let n G N. There exists a unique Fen such that n = exp(E). Put ||n|| := ||E||. Then let 


(4.5) 


T'(a) := 



a(knk log ||n|| dn dk. 


k J N 


By the Theorem on p. 299 in [PW|] there exist constants C'i(r) and C 2 (T) such that the 
contribution of the parabolic conjugacy classes equals 


(4.6) 


Ci(r)r( a ) + c 2 (r)r'(a) 


The distributions T and T' are tempered and T is an invariant distribution. Applying 
the Fourier inversion formula and the Peter-Weyl-Theorem to equation 10.21 in |[Knl|| , one 
obtains the Fourier transform of T as: 


(4.7) 


T(a) = W dimiai-t f Q aX (a)d\. 

~ ^ Jr 

aeM 


The distribution T' P is not invariant. One way to deal with this distribution is to make 
it invariant (see [|MP2| , (6.15)]) and then apply the Fourier inversion formula of [|Ho2|| . As 
explained in the introduction, we will use a different method. 

Let A u be the differential operator in C°°(X, E v ) induced by —0. This is the lift of A u 
to A". Let = (X7 U )*V U be the Bochner-Laplace operator associated to the canonical 
connection in E v . Then we have 

(4.8) = A v + z/(h2x)- 

Denote by H u (t,x,y) the kernel of the heat operator e~ tAv . Observe that H u (t,x,y) G 
Hom((£ , J/ ) ?/ , ( E u ) x ). For g G G and x G X let L g : E x —$■ E gx be the isomorphism induced 
by the left translation. Since A„ commutes with the action of G , the kernel satisfies 


(4.9) 


A, ° H“(t,gx,gy)o L g = H u (t,x,y), x,yeX,geG, 
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considered as a linear map E y —> E x . Let xq := eK e A". We identify E Xo with V v . Using 
the isomorphism ( |3.23| ), H u (t,x,y) corresponds to a kernel 

H” :GxG 4 End(K), 

which is defined by 

(4.10) H"(g x ,g 2 ) := L" 1 o H v (t,g 1 x Q ,g 2 x 0 ) o L g2 . 

By (|L9| ) it follows that it satishes 

(4.11) Ht (ggi, 992 ) = H"(gi,g 2 ), g, gi, g 2 e G, 

and 

(4.12) H" (r/i k x , g 2 k 2 ) = ^(fci) -1 o H^{g u g 2 ) °v{k 2 ), h,k 2 G K, g eG. 

Using ([4. 1 1|) , we can identify H'j' with a map 

H”:G -> End(K) 

by 

(4-13) Httg):=H!(e,g), g G G. 

Then Hj' belongs to (C 1 (G) ® End(K)) A and satisfies 

(4.14) H”(h l gk 2 ) = ^(fci) o if^) o i/(fc 2 ), h,k 2 e K, g e G. 

Let h v t be defined by 

(4-15) /£((/) :=tr#"((/), g G G. 

Then belongs h\ to C X {G) (see ||BM|| ). If we apply the Selberg trace formula ||Wal| , Theorem 
8.4] to (11.291) and use (|4.6| ), we obtain the following theorem. 

Theorem 4.1. For all t > 0 we have 

Tr„ 9 (e-‘ A g = I(K) + H(K) + C,( T)T(h\) + C 2 (T)T’(K)- 


This theorem can be used to determine the asymptotic behavior of Tr re9 (e~ tAv ^ as t —> 0. 
For I(h”) we use ( ll.l|) . The character Q rJt x(h l j') is computed by []MP2| , Proposition 4.1]. We 
have 


(4.16) 0 CTiA {h v t ) = e tM<T) - x2 \ 

By (0) it follows that 

I(K) = vol(X) ]T e“« 

ffgjii 




[i\) dX. 
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Now recall that P a {z) is an even polynomial of degree 2 n = d — 1. Hence we obtain an 
expansion 

OO 

(4,17) I(K) = ■ 

3=0 


Using ( |4.1G| ) and (|4T3|) , it follows that 


(4.18) 


H(K) = 0(e-^‘), 


0 < t < 1. 


Furthermore, by (|4.7|) and Q4. 16|) we get 

OO 

(4.19) T(h- t ) = r 1 ' 2 Y ¥*■ 

3=0 


It remains to determine the asymptotic behavior of T'{h "). This will be done in the next 
sections. 


5. Heat kernel estimates 


In this section we study the kernel K u (t,x,y) of e~ tAv . Observe that Ii u (t,x,y) G 
Hom((Uj y ) ?/ , (E u ) x ). Denote by \K u (t, x, y) \ the norm of this homomorphism. Furthermore, 
let r(x,y ) denote the geodesic distance of x,y £ X. We have 

Proposition 5.1. For every T > 0 there exists C > 0 such that for all v e K we have 

\K u (t, x, y)\ < Ct~ d/2 exp 

for all 0 < t < T and x, y G X, where d = dim X. 


Proof. If v is irreducible, this is proved in ||Mul| , Proposition 3.2], However, the proof does 
not make any use of the irreducibility of v. So it extends without any change to the case 
of finite-dimensional representations. □ 


By (|4.8|) the kernel H u (t,x,y) of e tAv is closely related to the kernel K u (t,x,y). If v is 
irreducible, v(FLk) is a scalar and we have 

(5.1) H v (t,x,y) = e»<‘ a *)lC'(t,x,y). 


Let h\ G C X {G) be defined by (|4.15|) . Note that for each g G G, L g \ E x —>■ E gx is an 
isometry. Thus using ( |d,10| ), the dehnition of Hf, (^T|), and Proposition |5T|, we get 


Corollary 5.2. Let d 


dim A". For all T > 0 there exists C > 0 such that we have 
Ktol <«-“/’ exp (_dh|l££)) 


for all 0 < t < T and g G G. 
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Next we turn to the asymptotic expansion of the heat kernel. Let d x exp XQ be the differ¬ 
ential of the exponential map exp a , Q : T Xo X —y X at the point x £ T Xo X. It is a map from 
T Xq X to T x X, where x = exp (x). Let 

(5.2) j(x) := |det(d x exp Xo )| 

be the Jacobian, taken with respect to the inner products in the tangent spaces. Note that 

(5.3) j( x ) = I det(^(x))| 1/2 . 

Write y = exp x (y), with y £ T x X. Let e > 0 be sufficiently small. Let ip £ C^M) with 
ip(u) = 1 for u < e and ip(u) = 0 for u > 2e. 


Proposition 5.3. Let d = dim A". Let {u, V v ) be a finite-dimensional unitary representa¬ 
tion of K. There exist smooth sections £ C°°(X x X,E V MED, ' L e No, such that for 
every N £ N 


(5.4) 


K l '{t,x,y) = t d,2 tp(d(x,y)) 


exp 


' i =0 

+ 0(t N+1 ~ d/2 ), 


uniformly for 0 < t < 1. Moreover the leading term 4>q (x,y) is equal to the parallel trans¬ 
port r(x,y): {E v ) y —> (E v )x with respect to the connection V" along the unique geodesic 
joining x and y. 


Proof. Let T C G be a co-compact torsion free lattice. It exists by Let X = T\X 

and E v = T\E V . As in [J3o|, Sect 3], the proof can be reduced to the compact case, which 
follows from ||BGV| , Theorem 2.30]. □ 


Let p be as in fl2.1|) . We recall that the mapping 

(p ; p x K —^ G , 

defined by tp(Y, k) = exp(V) ■ k is a diffeomorphism j [TT7| . Ch. VI, Theorem 1.1], Thus each 
g £ G can be uniquely written as 

(5.5) g = exp(V(< 7 )) • k(g), Y(g) £ p, k(g) £ K. 

Using Proposition |5.3| and (|5.1|) , we obtain the following corollary. 

Corollary 5.4. There exist af £ C°°(G) such that 

r 2 (gxo, xq) n N 


(5.6) ht(g) = t d/2 ip(d(gx 0 , x 0 )) 


exp 


4i 


J2<(g)t‘ + o(t 


N+l-d/2\ 


i =0 


which holds for 0 < t < 1. Moreover the leading coefficient Oq is given by 
(5.7) a%(g) = tr(i '(k(g))) ■ j(x 0 , gx 0 )~ 1/2 . 
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Proof. By ( |4.10| ) and (|4.13|) we have 

H t ( 9) = H u (t, x 0 , gx 0 ) o L g , 

Put 


g E G. 


(5.8) af(g) : = tr(^(x 0 ,^x 0 ) o L g ) ■ j{x 0 ,gx 0 ) 1/2 , geG. 

Then ( |5.6|) follows immediately from (|5.4|) and the definition of hf. To prove the second 
statement, we recall that $g (x,y) is the parallel transport r(x,y) with respect to the 
canonical connection of E u along the geodesic connecting x and y. Let g = exp(Y') ■ k, 
Y G p, k G K. Then the geodesic connecting x 0 and gx 0 is the curve y(t) = exp(tY')x 0 , 
t G [0,1] (see |H(], Ch. IV, Theorem 3.3]). The parallel transport along 7 (f) equals L exp (y). 
Thus %(x 0 ,gx 0 ) = (y) . Hence we get. 

%(x 0: gx 0 ) o L g = L k = v{k). 

Together with (|5.8|) the claim follows. □ 


6. Weighted orbital integrals 


The weighted orbital integral is given by (|4.5|) . We apply this to h”. By ( [4.14]) it follows 
that h\ is invariant under conjugation by k G K. Thus we get 


( 6 . 1 ) 


T'p{ht) — / h"(n)\og\\n\\dn. 


'N 


We fix an isometric identification of 1 with n with respect to the inner product (•, -)e» 
defined by 

(Y h Y 2 ) e := (Y u 6(Y 2 )), Y u Y 2 G 0 . 

Explicitly it is given by 

0 — x X s 


( 6 . 2 ) 


x eR d 1 1 -G Y(x) := I x T 0 0 ] , 

, x T 0 0 , 


where we consider x as a column. Furthermore we identify n with N via the exponential 
map. Put 

n(x) := exp(y(x)) G V, x G M d_1 . 

We note that 

(6.3) 

Then we get 

(6.4) 


n(x) = Id+y(x) + -Y(x) 2 . 


T\K) = 


hf (n(x)) log ||x|| dx. 


For e > 0 let B(e) C W l 1 denote the ball of radius £ centered at 0 and let 

U(e) := M d_1 — B{e). 
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We decompose the integral as 


jRrf-i JB(e) 7 U(e) 

Put 

(6.5) r(x) := r(n(x)x 0 ,x 0 ), x G M d_1 . 

We need some properties of this function. 

Lemma 6.1. We have 


( 6 . 6 ) 


r(x) = arcosh I 1 + 


x 


x G 


hd —1 


Proof. Let t(x) > 0 be the radial component of n(x), defined by ([2.10|) . By ||Wal| , Lemma 
7.1] we have 


t(x) = arcosh ( 1 + 


x 


The lemma follows from (|2.11|) . 
Now note that 


□ 


arcos. 


h(x) = In (x + Vx 2 — 1 ^ , x > 1. 


Thus 

(6.7) 

This implies that for all t > 0 we have 


r(x) > In ( 1 + 


x 


x G 


t>d— 1 


( 6 . 8 ) 


exp 


r 2 (x ) 


At 


log ||x|| | dx < oo. 


Using arcosh'(o:) = (x 2 — 1) 1 / 2 , we get 


d ( r 

— arcosh 1 H— . -- 

dr V 2 7 ^1 + r 2 /4 


, r > 0. 


Thus 

(6.9) r(xi)>r(x 2 ), if ||xi|| > ||x 2 ||. 

Now observe that arcosh(l + x 2 /2) has a Taylor series expansion of the form 


arcosh | 1 + — j = x + 


OfcX 


2k+l 


k =1 


which converges for |x| < 1/2. This follows from ||GR| , 1.631.2] together ||GR| , 1.641.2], 
Thus r 2 (x) is C°° and we have 

(6.10) r 2 (x) = ||x || 2 + R(x) 
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with 

|i?(x)| < C||a:|| 4 , ||x|| < 1/4. 

Thus r 2 (x) has a non-degenerate critical point at x = 0 of index (d — 1,0). 
Now we turn to the estimation of the orbital integral. Put 

c(e) := arcosh(l + £ 2 /2). 

By Corollary [572], ( |678| ) and ( |67^ ) we get 


( 6 . 11 ) 


’U(e) 


ht(n(x)) log ||a;|| dx 


< Ct ~ d/2 


’U{s) 


exp 


r 2 (x ) 
At 


log ||x ||\dx 


< Cit d,/2 exp 


C(£) 

8 1 


for 0 < t < 1. To deal with the integral over B(e), we use ( |5.6|) . This gives 


N 


(6.12) J m 


h v t (n{x)) log ||x|| dx =t f 

i=i Jb & 

+ 0(t N+1 ~ d/2 ) 


exp 


r 2 (x) 

At 


^(x)ai(x) log || x || dx 


for 0 < t < 1, where tfj G C^°(B(e)). Put m — d— 1. The integrals on the right hand side 
are of the form 


(6.13) 


e X ^ x ^9( x ) l°g II x II dx , 


where A > 0, g G C/^M” 1 ), suppg C B(e), and / satisfies 

(6.14) f (x) = \\x\\ 2 + R(x), |i?(x)| < C||x|| 4 , ||x|| < e, 

and / has no critical points in suppg\ {0}. Our goal is to derive an asymptotic expansion 
for /(A) as A — > oo. To begin with, we first show that / can be replaced by ||:r|| 2 . We 
proceed as in Hdrmander’s proof of the stationary phase approximation [|Hoi| Theorem 
7.7.5]. On B(e) \ {0} we consider the following differential operator 


(6.15) 


L := 


df d 
II f'( x W dxjdxj 


E 


Note that the formally adjoint operator L* is given by 

d l df 


(6.16) 


l ' = E 


rf dxj ||/'(x) || 2 dxj ’ 


where the factors act as multiplication operators. Since integration by parts arguments 
will introduce singularities, we make some more general assumptions. Suppose that g G 
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C 1 (M m \ {0}) with support in B{e) and with \D a g\ < C||a;|| 3 for |a| < 1. Using the 
divergence theorem in the last step, we have 


/(A) = lim 

r—>• 0 


||^||>r 


e xf ^g(x) log ||x|| dx = A 1 lim / (Le x - f ^)(x)g(x) log ||x|| dx 


r—^ 0 


||rr||>r 


= A lim 

i— 

+ A -1 lim 

r—*0 


||:r||>r 


e A -fO)£*(glog || -|| ){x)dx 
\\f'(x)\\-*(v,Vf)(x)e-^g(x) log||x|| dS(x), 


where v is the Durward unit normal vector field to <9(M m \B(r)). By the assumption on 
/, there exists C > 0 such that 

||f(a;)||- 2 <U||x||- 2 , ||V/(:r)||<Cl|x||. 


Together with the assumptions on g, it follows that the integrand in the surface integral is 
bounded on B(e). Thus the surface integral has limit 0 as r —» 0. Furthermore, by ( |6.16| ) 
we have 

v ( 9 log ii • ii)(z) -ZErXy^^ (x)a(x)losM ) ' 

Using the assumptions on / and g, it follows that L*(g log || • ||) is bounded, and therefore 


/(A) = A 1 lim / e Xf( ' x " > L*(g log || • \\)(x) dx = A 1 / e xf ^L*{g log || • \\)(x) dx. 


r—>• 0 


\\x >r 


Using the properties of / and g, we get 

|/(A)|<C(/)A- 1 ]T sup \D a (g(x) log ||x||) • ||:r|| _2+ '“'| 


|«|<i 


seR” 


Now let k G N and assume that g G C k (W n \ {0}) has support in B(e) and satishes 

\D a g{x)\ < U||a;|| 2fc+1 - |a| , for |a| < k. 

Let u(x) = g(x) log ||x||, x G M m \ {0}. Then u G C k (W n \ {0}), with support in B(e) and 
with \D a u{x)\ < C'||x|| 2fc ^ a l for |a| < k. Then it follows that L*(u ) G C' fc-1 (M m \ {0}), 
with support in B(e) and with \D a L*(u)(x)\ < U||a;|| 2 ^ fc_1 ^ _ l“l for |a| < k. Thus we can 
proceed by induction to conclude that 


(6.17) |/(A)| < U(/)A k V sup \D a (g(x) log ||x||) • ||;r|| 2k+H 


We introduce the following auxiliary functions 

(6.18) f s (x):=\\x\\ 2 + sR(x) : sG [0,1]. 

Then f\ — f. Let 

J(A,s):= f e~ xfs ^g{;x) log ||x|| dx. 

J R m 
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Differentiating in s 2k times yields 

(6.19) (A, s ) — X 2k f e~ xfs ^R{x) 2k g{x) log ||a:|| dx. 

J R m 

Now let g G C°°(R m ) with supp g C B(e). Let u{x) = R(x) 2k g(x) log ||x||. Then u G 
C°° (M. m \ {0}) with support in B{e) and by (|6.14j) it follows that \D a u(x)\ < C||a:|| 6fc_ l"l, 
||x|| < e. Applying (|6.17|) with 3 k in place of k, and ( |6.19|) , we get 

|/ 2fc (A,s)| < CX~ k . 

By Taylor’s theorem, we have 


( 6 . 20 ) 


/ ( A ' 1 )-E7i /W u,o) 


j<2k ' 


~ S (2fc)! 




Thus modulo A k decay, it suffices to study the asymptotic expansion of /^(A, 0). Each 
of these integrals is of the form 

(6.21) J 0 (A) = f e~ x ^ 2 g(x) log ||x|| dx, 

J R m 

where g G C'^°(M m ) with support in B(e). Let N G N. By Taylor’s theorem we have 

1 


sW - £ 


a\ 


< 


\a\<N 

for x G B(e). Now for A > 1 we have 


T - SU p \(D‘g)(x)\ I ■ |M' W+1 


3 —^ 11*11 


x|| JV+1 log ||x|| dx 


B(e) 


< 


e A ^" 2 ||a:|| JV+1 |log ||x||| dx 


B(e) 


= 0(A -(m+Ar+1 ) /2 (l + log A)). 

Furthermore, for A > 1 we have 

e ~ x \\ x \\ 2 x a i Q g ii^n d x — f e - x \\ x W 2 x a log ||x|| dx + 0(e _eA ^ 2 ). 

J R m 

Changing variables x 1 —>■ x/yf\ in the integral on the right hand side, we get 

[ e - A|NI V log ||x|| dx = Cl A- m / 2 -|“l/ 2 + c 2 \-m/ 2 -\a \/2 bg y 
J K m 

for some constants Ci and C 2 . Summarizing, it follows that for every JV G Nwe have an 
expansion 

N N 

(6.22) /(A) = J2 log A + ^ b,X~ m ^~ j / 2 + 0(X~^ n+N)/2 ) 

j =0 j =0 

as A —y 00 . Now the integrals on the right hand side of ( |6.12| ) are of the form J(l/(4f)). 
Combining ( |6.4| ), (EHI), (E3), and (|6.22|) , and using that m — d — 1, we get 
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Proposition 6.2. For every N E N we have 

N N 

T' P {h u t ) = logt + d Av)t ij ~ 1)/2 + 0(t (iV+1)/2 ) 

j =0 j=o 

as t —* 0. Moreover c\{y) = 0. 

Proof. Only the last statement needs to be proved. The only terms that can make a 
contribution to ci(z/) are the Taylor coefficients of ag(n(x)) of degree 1, i.e., 

d -1 






x,- dx. 


By (|5T7|) we have 
We have 


a o( n (x)) = tr(k(n(x))) ■ j(x 0 ,n(x)x 0 ) 1/2 ■ 

sinh(r(x)) 

j(x 0 ,n(x)x 0 ) =- 7 -r-, 

r(x ) 

where r(x) is given by (|6.5|) . Using ( |6.10|) , if follows that 
(6.23) ^-j(xo,n(x)x 0 ) _1/2 | x=0 = 0, i = l,...,d. 


□ 


Combining Proposition |6.2| with (|4 .1 7|) , (|4.18|) and ( fd. 19|) , Theorem |1.1| follows. 


7. Analytic torsion 


Let r be an irreducible finite dimensional representation of G on h T . Let E' T be the flat 
vector bundle associated to the restriction of r to T. Then E' r is canonically isomorphic 
to the locally homogeneous vector bundle E T associated to t\ k . By [AI,\ l| , there exists an 
inner product (•, •) on V T such that 


(1) (■ t(Y)u,v) = — (■ u,r(Y)v) for all Y e u, v £ V T 

(2) ( t(Y)u,v) = ( u,t(Y)v) for all Y E p, u,v E V T . 


Such an inner product is called admissible. It is unique up to scaling. Fix an admissible 
inner product. Since t\k is unitary with respect to this inner product, it induces a metric 
on E r which will be called admissible too. Note that for each p, the vector bundle A p (E r ) = 
A pp*X <g) E t is associated with the representation 

(7.1) i/ p (r) := A p Ad* : K GL(A p p* ® U r ), 
i.e., there is a canonical isomorphism 

(7.2) A p(E t ) - T\(G x Up(T) (A^p* ® V T )). 
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By (|3.23|) there is an isomorphism 

(7.3) A?(X, E t ) = C°°{T\G, u p (r)), 

and a corresponding isomorphism for the L 2 -spaces. Let A p (r) be the Hodge-Laplacian on 
A P (X, E t ) with respect to the admissible inner product. By (6.9) in [|MM|1 it follows that 
with respect to ( |7.3|) one has 


(7.4) 


A p (r) = — Rr(Q) + 'r(hl) Id, 


where Rr is the right regular representation. Let A t , p ( r ) be the differential operator induced 
by —i?r(^7) in C°°(X, E v ). We note that r(fl) is a scalar which can be computed as follows. 
If A(t) = fci(r)ei + ... k n+ i(r)e n+ i is the highest weight of r, then 


n+1 


n+1 


(7.5) 


T(fi) = E(lm +Pif - Ed 

j= 1 i =1 

For G = Spin(2n + 1,1) this was proved in [|MP1| , sect. 2]. For G = SO 0 (2 n + 1,1), the 
proof is similar. Thus we get 


(7.6) 


Tr„ g (e-‘ A - (T) ) = e-‘ T,n > Tr,., . 


In order to define the analytic torsion, we have to determine the asymptotic behavior of 
Tr reg (e~ tAp ^) as t —» 0 and t —> oo. By Theorem |1.1| it follows that there is an asymptotic 
expansion 


(7.7) 


Tr,., (e-‘ A ’M) ~ £ a,(p, r)r d / 2 +H 2 log* + £ b t (p, r)t 


-d/2+j/2 


3=0 


k =0 


as t —y 0. Moreover a n (p, r) = 0. To determine the asymptotic behavior of the regularizes 
trace as t —» oo, we use ( |3.29|) . Let 0 < Ai < A 2 < • • • be the eigenvalues of A p (r). By 
f [7.4|) and (|3.29|) we have 


Tr reg (e “ p 


-tA p (r)\ _ 


) = E e_Uj + E 


^t(r(n)-c(a)) Tr(C(cr, v p (t), 0)) 
4 


<tG:M ;cr=wocr 
[v p (t):<t\^ 0 


(7.8) 


1 

4tt 


E 


3 -t(r(n)-c(ff)) 


jGM 

—t \ 2 


d 


J e Tr yC(a,v p (T),—i\) — C(cr,is p (T),i\)J dX. 

Assume that d = 2n + l. Let h p (r) : = dim(ker A p (r) flL 2 ). Using ( fL8| ) and ||MP2| , Lemmas 
7.1, 7.2], it follows that there is an asymptotic expansion 


Tr ( 

J_± reg 


g—t Aj, (r ) 


) ~ h p (r) + 3/2 , t-> 

3 = 1 


00 


(7.9) 
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Combined with ([7/7|) we can define the spectral zeta function by 

: = tS l (Tbeg (e" tAp(T) ) - h p (r)) dt 

i r°° 

+ W)Ji ) - MU ) dt 

By ( |7.7|) the first integral on the right converges in the half-plane Re(s) > d/2 and admits 
a meromorphic extension to C which is holomorphic at s = 0. By (0, the second integral 
converges in the half-plane Re(s) < 1/2 and also admits a meromorphic extension to C 
which is holomorphic at s — 0. 

Now assume that r ^ Tg. Let the highest weight A(r) be given by fl2.6|) . The highest 
weight A (tq) of Tg is given by 


(7.10) 


Cp(s]r) 


A (rg) = k\(r)e\ H-b k n (r)e n - k n+ i(r)e n+1 . 

Therefore, the condition r ^ Tg implies k n+ i(r) ^ 0. Then by [|MP2| , Lemma 7.1] we have 
r(h2) — c(cr) > 0 for all a G M with [n p (r): a] ^ 0 and p — 0,..., d. Furthermore by ||MP2 


Lemma 7.3] we have ker(A p (r) D L 2 ) = 0, p — 0,..., d. By ( |7.8| ) it follows that there exist 
C, c > 0 such that for all p — 0,..., d: 

(7.11) Tr reg (e~ tApiT) ) < Ce~ c \ t > 1. 

Using ( |6.2|) . it follows that Cp( s i r ) can be defined as in the compact case by 

1 


(7.12) 


Cp(s]T) : = 


P(s) 


t 3 - 1 Tr reg (e“^ (T) ) dt. 


The integral converges absolutely and uniformly on compact subsets of Re(s) > d/2 and 
admits a meromorphic extension to C which is holomorphic at s = 0. We define the 
regularized determinant of A p (r) as in the compact case by 


(7.13) 


det A„(r) := exp f-dc p (s;x)| s _ 0 ') . 


In analogy to the compact case we now define the analytic torsion Tx(r) G M + associated 
to the the flat bundle E r , equipped with the admissible metric, by 

d 


(7.14) 

Tx(r) 

:= IT det A p (t) ( 1 



P= 1 

Let 



(7.15) 

K(t, t) : 

d 


3 -<Ap(Tp 


p= 1 


If r ^ Tg, then K(t, r) = 0(e ct ) as t —> oo, and the analytic torsion is given by 


(7.16) 


log T x (t) = 


1 d 

2 ds 


_o V r (s) 


t s K(t , r) dt , 
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where the right hand side is defined near s = 0 by analytic continuation. 

References 

[BM] D. Barbasch, H. Moscovici, L 2 -index and the trace formula, J. Funct. Analysis 53 (1983), 151-201. 

[BGV] N. Berline, E. Getzler, M. Vergne, Heat kernels and Dirac operators, Springer-Verlag, Berlin, 
1992. 

[Bo] A. Borel, Compact Clifford-Klein forms of symmetric spaces. Topology 2 (1963), 111 - 122. 

[Che] P. Clrernoff, Essential self-adjointness of powers of generators of hyperbolic equations, J. Funct. 
An. 12 (1973), 401-414. 

[Do] H. Donnelly, Asymptotic expansions for the compact quotients of properly discontinuous group 
actions. Illinois J. Math. 23 (1979), 485 - 496. 

[Ga] R. Gangolli, The length spectra of some compact manifolds of negative curvature, J. Differential 
Geom. 12 (1977), no. 3, 403-424. 

[GR] I. S. Gradshteyn, I. M. Ryzhik, Table of integrals, series, and products. Seventh edition. Else¬ 
vier/Academic Press, Amsterdam, 2007. 

[HC2] Harish-Chandra Harmonic analysis on real reductive groups. III. The Maass-Selberg relations and 
the Plancherel formula. Ann. of Math. (2) 104 (1976), no. 1, 117-201. 

[He] S. Helgason, Differential geometry, Lie groups, and symmetric space, Academic Press, Boston, 
1978. 

[Hor] L. Hormander, The analysis of linear partial differential operators I, Berlin, Springer-Verlag, 1990. 

[Hoi] W. Hoffmann, An invariant trace formula for rank one lattices. Math. Nachr. 207 (1999), 93 
131. 

[Ho2] W. Hoffmann, The Fourier transform of weighted orbital integrals on semisimple groups of real 
rank one, J. Reine Angew. Math. 489 (1997), 53-97. 

[Knl] A. Knapp, Representation theory of semisimple groups, Princeton University Press, Princeton, 
2001 . 

[Kn2] A. Knapp, Lie Groups Beyond an introduction, Second Edition, Birkhauser, Boston, 2002. 

[Mia] R. Miatello, On the Plancherel measure for linear Lie groups of rank one, Manuscripta Math. 29 

(1979), no. 2-4, 249-276. 

[Mi2] R. J. Miatello, On the Plancherel measure for linear Lie groups of rank one, Manuscripta Math. 
29 (1979), no. 2-4, 249-276. 

[MM] Matsushima, Murakami, On vector bundle valued harmonic forms and automorphic forms on 
symmetric riemannian manifolds, Ann. of Math. (2) 78 (1963), 365-416. 

[Mul] W. Muller, The trace class conjecture in the theory of automorphic forms, Geom. funct. anal. 8 
(1998), 315 - 355. 

[Mu2] W. Muller, Weyl’s law for the cuspidal spectrum of SL n . Ann. of Math. (2) 165 (2007), no. 1, 
275 - 333. 

[MP1] W. Muller, J. Pfaff, On the asymptotics of the Ray-Singer analytic torsion for compact hyperbolic 
manifolds. Int. Math. Res. Not. IMRN 2013, no. 13, 2945 - 2983. 

[MP2] W. Muller, J. Pfaff, Analytic torsion of complete hyperbolic manifolds of finite volume, J. Funct. 
Anal. 263 (2012), no. 9, 2615 - 2675. 

[OW] M. Osborne, G. Warner, Multiplicities of the Integrable discrete series: the case of a nonuniform 
lattice in an R-rank one semisimple group, J. Funct. An. 30 (1978), no. 3, 287-310. 

[RS] D.B. Ray, I.M. Singer, R-torsion and the Laplacian on Riemannian manifolds. Advances in Math. 
7 (1971), 145-210. 

[Wall N. Wallach, On the Selberg trace formula in the case of compact quotient, Bull. Amer. Math. Soc. 
82 (1976), no.2, 171-195. 

[Wal] G. Warner, Selberg’s trace formula for nonuniform lattices: the R-rank one case, Studies in algebra 
and number theory, Adv. in Math. Suppl. Stud. 6, Academic Press, New York-London, 1979. 



23 


[Wa2] G. Warner, Harmonic analysis on semi-simple Lie groups. II. Grundlehren der mathematisclren 
Wissenschaften, Vol. 189, Springer-Verlag, New York-Heidelberg, 1972. 

Universitat Bonn, Mathematisches Institut, Endenicher Allee 60, D - 53115 Bonn, Ger¬ 
many 

E-mail address: mueller@matli.uni-bonn.de 



